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We present results of numerical simulation of the direct cascade in two-dimensional hydrodynamic
turbulence (with spatial resolution up to 16384×16384). If at the earlier stage (at the time of order of
the inverse pumping growth rate τ ∼ Γ−1max), the turbulence develops according to the same scenario
as in the case of a freely decaying turbulence [1, 2]: quasi-singular distributions of di-vorticity are
formed, which in k-space correspond to jets, leading to a strong turbulence anisotropy, then for times
of the order of 10τ turbulence becomes almost isotropic. In particular, at these times any significant
anisotropy in the angular fluctuations for the energy spectrum (for a fixed k) is not visible, while
the probability distribution function of vorticity for large arguments has the exponential tail with
the exponent linearly dependent on vorticity, in the agreement with the theoretical prediction [3].
PACS: 52.30.Cv, 47.65.+a, 52.35.Ra
I. INTRODUCTION
As was demonstrated in 1967 by Kraich-
nan [4], for the developed two-dimensional hy-
drodynamic turbulence in the inertial interval
of scales there exist two Kolmogorov spectra,
generated by two integrals of motion – energy
E = 1/2
∫
(v)2dr and enstrophy 1/2
∫
Ω2dr,
where v - flow velocity and Ω = rotv - vor-
ticity. The first spectrum corresponds to a
constant energy flux  directed toward the
region of small wave numbers (inverse cas-
cade). This spectrum has the same depen-
dence on k, as the famous Kolmogorov spec-
trum for three-dimensional hydrodynamic tur-
bulence: E(k) ∼ 2/3k−5/3. The second spec-
trum - the Kraichnan spectrum
E(k) ∼ η2/3k−3 (1)
corresponds to a constant enstrophy flux η to-
wards the small-scale region (direct cascade).
The existence of these two spectra has been
confirmed in many numerical experiments sim-
ulating two-dimensional turbulence at high
Reynolds numbers, i.e. in the regime, when
in the leading approximation, within the cor-
responding inertial intervals one can use the
Euler equations, instead of the Navier-Stokes
equations (see, e.g., [5] and references therein).
However, just after the Kraichnan paper [4],
in the first numerical experiments [6] there
was observed the emergence of sharp vortic-
ity gradients corresponding to the formation
of jumps (quasi-shocks) with thickness small
compared to their length. Based on these
numerical observations, Saffman [7] proposed
another spectrum E(k) ∼ k−4, the main
contribution in which comes from isotropi-
cally distributed quasi-shocks (in this mean-
ing, the Saffman spectrum is analogous to
the Kadomtsev-Petviashvili spectrum [8] for
acoustic turbulence). On the other hand,
the Fourier amplitude from the vorticity jump
Ωk ∝ k−1, that immediately yields the Kraich-
nan type spectrum E(k) ∼ k−3. How-
ever, the energy distribution from one such
jump is anisotropic and has the form of a jet
with an apex angle of the order of (kL)
−1
,
where L is characteristic length of the jump.
It should be emphasized that for isotropically
distributed vorticity shocks we should arrive
at the Saffman spectrum. In this sense the
Kraichnan type spectrum generated by quasi-
singularities must be anisotropic. That was
confirmed by both analytical arguments and
numerical experiments in the case of a freely
two-dimensional turbulence when anisotropy
in turbulence spectra is due to the presence
of jets [1, 2, 9, 10]. In these papers, there
was revealed the physical mechanism of quasi-
shocks formation due to a tendency to break-
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2ing (note that according to strong theorems
[11] this process in a finite time is forbidden).
This mechanism is associated with the prop-
erty of frozenness into fluid of the di-vorticity
field B = rot Ω : in the inertial range of
scales, B obeys the frozenness equation (see,
e.g. [12, 13]):
∂B
∂t
= rot [v ×B], divv = 0. (2)
From this equation, we see immediately that B
can be changed owing to the velocity compo-
nent vn normal to the force line of the field B.
Because of the frozenness of the field B at the
same time the component vn represents the
velocity of the di-vorticity line. In the general
situation, for this component divv 6= 0 that is
a reason of compressibility for the field B. The
latter follows also from the fact that equation
(2) permits integration in terms of the map-
ping r = r(a, t), which is a solution of the sys-
tem for the Lagrangian trajectories defined by
vn: ·r = vn(r, t); r|t=0 = a. In this case, B
is given by the following expression
B(r, t) =
(B0(a) · ∇a)r(a, t)
J
, (3)
where B0(a) is the initial field B, and J is the
Jacobian of the mapping r = r(a, t). There
are no any constrains imposed on J so that it
can take arbitrary values. In gas-dynamics, as
known, a reason of breaking and formation of
shock waves is connected with the compress-
ibility of the transformation from the Eulerian
description to the Lagrangian one with van-
ishing of the corresponding mapping Jacobian.
However, in the two-dimensional Euler hydro-
dynamics there is only a tendency to form
sharp vorticity gradients in the form of quasi-
shocks, that was confirmed in numerical exper-
iments on freely decaying turbulence [1, 2, 10].
In particular, the increase of maximum value
of B in these experiments was 2 - 2.5 orders
of magnitude, and the spatial distribution of
|B| was concentrated around the lines (posi-
tions of quasi-shocks) with significantly less
values of |B| between these lines. In the en-
ergy spectrum, such quasi-shocks correspond
to jets. Along of each jet the energy distribu-
tion decreases in accordance with the Kraich-
nan type power law E ∼ k−3. Our first results
of numerical study of direct cascade for two-
dimensional turbulence, i.e., in the presence of
both pumping and dissipation, were presented
in [14]. Pumping given by growth rate Γ(k)
was concentrated in the small k with a strong
(singular at k = 0) dissipation, providing sup-
pression of inverse cascade. At large wave
numbers, at k > k0 ∼ 2/3kmax, we introduced
a viscous type dissipation that allowed us to
simultaneously solve the aliasing problem. At
short times, in the inertial interval, turbulence
was developed by the same scenario as in the
case of a freely decaying turbulence with the
formation of both quasi-shocks and jets in the
turbulence spectrum. In these experiments,
at the initial stage we observed the formation
of Kraichnan-type dependence of spectrum on
the module k (E ∼ k−3) at all angles, and
the dependence of third-order velocity struc-
ture function S3 =< δv
3
‖ > on the separation
length R with strong anisotropy characteristic
of the freely decaying turbulence. However,
the spectrum averaging over angles E(k) =
CKη
2/3k−3, where CK ' 1.3 is the Kraich-
nan constant, coincided with the spectrum pre-
viously obtained numerically in [15]-[18]. It
is important to note that the structure func-
tion S3 averaging over angles gave the answer
very different from its isotropic value. Analy-
sis of these results testified in favor of the fact
that the reason for this lies in the lack of spa-
tial and temporal resolutions. In this regard,
we have been increased spatial resolution up
to 16384 × 16384 and doubled the calculation
time in comparison with the best experiments
[14]. The main difference of the obtained re-
sults from the previous ones is that, at times
of the order of 10Γ−1max, the jet structure of the
spectrum in the direct cascade is destroyed and
turbulence tends to be isotropic. In particu-
lar, on these times any significant anisotropy
in angular fluctuations of energy spectrum (for
a fixed value of k) is not observed. In the
regime of an isotropic distribution, we found
probability distribution functions P for both
vorticity and di-vorticity module B The struc-
ture of the P (Ω) corresponds to the predictions
of the isotropic theory [3].
3II. MAIN EQUATIONS AND
NUMERICAL SCHEME
Let us briefly consider the equations of mo-
tion and the numerical scheme, which com-
pletely coincide with those in [14].
Numerical simulation of the direct cascade
for two-dimensional turbulence in the frame-
work of the equation for the vorticity Ω =
∇ × u was performed in a square box with
the size L = 1 with periodic boundary condi-
tions along both coordinates, where u(x, t) is
a fluid velocity satisfying the incompressibility
condition divu = 0:
∂Ω
∂t
+ (u∇)Ω = ΓˆΩ + γˆΩ. (4)
Here the operator Γˆ is responsible for both
injection of the energy and its dissipation on
large scales, to prevent reverse cascade, and
the operator γˆ for dissipation enstrophy at
large k. Both of these operators were set by
their Fourier transforms (see [14]):
Γk = A
(b2 − k2)(k2 − a2)
k2
at 0 ≤ k ≤ b,
Γk = 0 at k > b,
and
γk = 0 at k ≤ kc,
γk = −ν(k − kc)2 at k > kc.
In the numerical integration of the equation
(4) parameters a and b are chosen from the
conditions of the most rapid transition of the
system to the steady-state regime at small k.
Below are the results with A = 0.004, a = 3
b = 6. For dissipation in the viscous-type
form, providing enstrophy absorption, coeffi-
cient of viscosity was ν = 1.5 and kc was
0.6kmax, where kmax = 8192, that simultane-
ously solves the problem of aliasing. The ini-
tial conditions were the same as in our previ-
ous papers [2, 14], as random set of vortices
of the Gaussian shape, randomly distributed
over the entire domain with zero mean vortic-
ity. Equation (4) was solved numerically as
well as in our previous works [2, 14] by means
of pseudospectral Fourier method, while inte-
gration in time was performed with the use of
a hybrid Runge–Kutta/CrankNicholson third-
order scheme. Numerical experiments [14] per-
formed on the grid with a maximum resolution
of 8192 × 8192, in this paper we present the
results of numerical experiments on the grid
16384 × 16384. Simulations were performed
(with the use of the NVIDIA CUDA technol-
ogy) at the Computer Center of the Novosi-
birsk State University.
III. NUMERICAL RESULTS
At the initial stage, for the times of order
of the inverse pumping growth rate Γ−1max, the
development of turbulence is about the same
scenario as in the case of a freely decaying tur-
bulence [2]: quasi-singular distributions of di-
vorticity are formed, which in k-space corre-
spond to jets, leading to a strong turbulence
anisotropy. Fig. 1a shows a typical distri-
bution of the di-vorticity module |B|, which
is the most concentrated on the lines (posi-
tions of quasi-shocks). Between these lines
the value of |B| is significantly lower. Ac-
cordingly, jets (with weak and strong overlap-
ping in the k-space) are observed in the spec-
trum, as a result, the turbulence spectrum has
a large anisotropic component. Fig. 2 shows
in k-space the distributions of the energy den-
sity of fluctuations (k), normalized by k−4 At
each angle in the k-space in the inertial inter-
val value of (k)k4 at a given time fluctuates
greatly, and after averaging is almost constant.
So, after multiplying the ¯(k) to k we obtain
the angular dependence of energy spectrum
E(k, θ) ∼ k−3 (Fig. 3a shows a typical depen-
dence of (k)k4 for angle φ = 45◦ at t = 150,
Fig. 3b - the result of the averaging over the
fluctuations of this value). It is important to
note that the formation of the Kraichnan-type
dependence on the module k occurs on the
first stage of the direct cascade development,
when enstrophy transfer reaches the ”viscous”
region. According to our estimates, the time of
such transfer is order of the inverse pumping
growth rate Γ−1max. At this stage, the energy
spectrum depends strongly on the angle. It is
surprising that after averaging over the angles
spectrum E(k) having both the Kraichnan-
type dependence on k and enstrophy flux η, de-
fined as 1/2
∫
γ(k)|Ωk|2dk, gives a value for the
4a) b) c)
FIG. 1: Fig.1. Distribution of |B| at t = 150, 250, 450.
) ) )
FIG. 2: Fig.2. Distributions of the energy density of fluctuations (k) (normalized by k−4) at t =
150, 250, 450.
a) b)
FIG. 3: Fig.3. Dependencies of (k)k4 before av-
eraging (a) and averaging (over domain ∆k = 100)
value of ¯(k)k4 (b) on k for angle φ = 45◦ at
t = 150.
Kraichnan constant CK ' 1.3 which coincides
with that previously obtained in numerical ex-
periments [15]-[18]. In the next stage, the
net of quasi-shocks lines becomes more com-
plicated (turbulent) (Fig.1b). The distances
between quasi-shocks lines are reduced, and as
a result the anisotropy in energy spectrum de-
creases (Fig. 2b). Finally, for times of the or-
der of 10Γ−1max jets practically disappear (Fig.
1c and Fig. 2c) and turbulence in the direct
cascade becomes almost isotropic. It also ap-
pears that at all times, starting from occur-
rence of jets up to their disappearance, enstro-
phy flux is almost constant (Fig. 4). The total
energy of sufficiently fast becoming a constant
(at the first stage), which is not for the total
enstrophy. It is close to a constant value only
at the isotropization stage (Fig. 5). Another
indication of turbulence isotropization at times
of the order of 10Γ−1max found in this paper is a
isprobability distribution function of vorticity
P (Fig. 6), which for large arguments has an
exponential tail with exponent β, linearly de-
5FIG. 4: Fig.4. Temporal dependence of the en-
strophy flux η.
FIG. 5: Fig.5. Time dependences of the total en-
ergy E and the total enstrophy H.
pendent on vorticity Ω¯, in agreement with the
theoretical predictions [3]. According to these
predictions, the angle slope of the exponent is
order of Ω¯−1rms, where Ω¯rms = [η ∗ ln(L/R)]1/3
is rms vorticity fluctuations. Numerical exper-
iment (Fig. 6) gives the asymptotic behavior
of P = 0.0005exp(−2.3Ω¯) with Ω¯rms = 0.43.
If calculate the exstrophy flux as the integral
η = 1/2
∫
γ|Ωk|2dk, then Ω¯rms = 0.15. Calcu-
lation of Ω¯rms by a given distribution function
gives the value of 0.2566. Thus, the values
Ω¯rms are close to each other with accuracy of
the order of unity. The corresponding distri-
bution function P for di-vorticity B also has
two specific regions (Fig. 7): in the first one
the distribution function is close to the Poisson
distribution, ∼ B exp(−B2/B20), in the second
region (large value of di-vorticity B) the dis-
FIG. 6: Fig.6. Probability distribution function P
for vorticity at t = 450.
FIG. 7: Fig.7. Probability distribution function of
di-vorticity P at t = 450.
tribution function P is of exponential behav-
ior with more pronounce linear dependence of
exponent on B than the similar one for vor-
ticity. For this numerical experiment Brms,
calculated from the angle slope, is equal to 88.
If calculate the Brms by means of the distri-
bution function P (B), then this value is equal
to 84.6.
IV. CONCLUSION
The main conclusion of this paper is that in
the direct cascade the formation of a power-law
6dependence on wave number k for the turbu-
lence spectrum with the Kraichnan exponent
due to the vorticity quasi-shocks represents the
fastest process. In this stage, in the turbulence
spectrum there is a strong anisotropy owing to
jets which are the Fourier transforms of quasi-
shocks. In the next – much slower – stage, the
structure of quasi-shocks lines becomes more
complicated (turbulent). The distances be-
tween quasi-shocks lines are reduced, and the
spectrum tends to more isotropic. It should
be also noted that at these times for the dis-
tribution probability function of vorticity we
have observed the formation of the exponen-
tial tail at large arguments with the exponent
which can be extrapolated as a linear function
of vorticity in agreement with the theoretical
predictions [3]. The probability distribution
function P for di-vorticity B also has two spe-
cific regions: in the first region the distribution
function is close to the Poisson distribution,
∼ B exp(−B2/B20), in the second one (large
value of di-vorticity B) distribution function
P is of exponential behavior with more pro-
nounce linear dependence on B than the sim-
ilar one for vorticity. Both of these observa-
tions suggest that direct cascade of turbulence
at large times loses anisotropy due to a ten-
dency to breaking. In our opinion, there are
at least two possible reasons of the turbulence
isotropization.
The first reason may be related to the pump-
ing area, where, in spite of the strong dissipa-
tion at low k, large-scale vortices are formed
(these are some remains not killed until the
end of inverse cascade), which, due to their
rotation, contribute into the system of vor-
ticity quasi-shocks additional stretching of di-
vorticity lines, and, on the other hand,it makes
the system of significant lines of the field B
more complicated.
Another possible reason is connected with
interaction of turbulence with the viscous type
region. We have observed that the spectrum
isotropization happens for characteristic times
much larger the Kraichnan enstrophy trans-
ferring time, when the enstrophy flux wave
reaches the viscous region. As is known, the
direct cascade of turbulence is a non-local (or
rather - weakly nonlocal, that is accompanied
by the appearance of logarithmic corrections
to the Kraichnan spectrum E(k) ∼ k−3, see
[4] and [19]). Locality of turbulence means
that the main nonlinear interaction is interac-
tion between scales of the same order. Inter-
action between very different scales is strongly
depressed. In this situation, both boundaries
to the inertial interval, i.e. pumping and vis-
cous dissipation areas, as isotropic sources, in
our opinion, are responsible for the turbulence
isotropization of direct cascade.
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